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I. INTRODUCTION
Twenty five years ago Hawking [1] discovered that
black holes (BH) could disappear by quantum effects,
suggestin that in a full quantum theory of gravity the
singularities could be smoothed out in the same sense as,
for instance, the self- energy of the electron is smoothed
out by renormalization in quantum electrodynamics.
However before disappearance and in the case of very
small BH, quantum effects produced by these objects
could be important and its one presence in the universe
should be enough to detect new physical effects such as
quantum corrections to scattering of particles, new effects
produced by strong fields and so on.
The scattering of particles around BH is, nevertheless,
very interesting because for D = 4 the classical absorp-
tion cross section is proportional to the BH area [2] (for
results in higher dimensions see [3]) and one does not
know if this result could survive at quantum level1.
One can solve this problem, considering a particle mov-
ing around a very small BH. If the Schwarzschild radius
is much bigger than the Compton length, then the BH
can be considered as a classical effective potential and
the wave equation
[
1√−g∂µ(
√−ggµν∂ν)−m2
]
ψ = 0, (1)
can be written as (assuming spherical or axial symmetry)
d2R
dr2
+ (k2 − Veff (r))R = 0, (2)
where Veff is the effective potential produced by the BH
background. Module technical refinements, this is the
point of view followed in the literature [6].
In the last years, intense research in lower dimen-
sional gravity has been performed and, particularly, in
three dimensions several classical and quantal results
have been found. From the quantum mechanics point
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1 For a descrition of this problem see [4] and [5].
of view the equivalence between Chern-Simons theories
and 3D quantum gravity have been established [8] and
classically a three dimensional BH solution (3D BH) has
been found [9].
Although three dimensional gravity is not related to
the physical world, these results could be considered as
a theoretical laboratory where the Hawking’s conjecture
concerning violation of quantum mechanics and other ex-
pected properties could be proven [7].
The purpose of this paper is to study the scattering
of particles by a three dimensional BH in the extremal
limit. This is interesting by several reasons. Firstly one
could expect that an extremal BH could be considered
as a point particle and the scattering of particles by this
BH when −1 < M < 0 (M the mass of the BH) could be
seen as a similar problem to the Aharanov- Bohm effect
with the BH playing the role of the solenoid [11].
Secondly, if one can understand scattering theory on
an AdS spacetime one should be able also, to understand
the technical and conceptual differences between the scat-
tering by 3D BH and the Aharonov-Bohm effect. This is
a quite non-trivial problem.
However, in order to formulate this problem one should
understand firstly how to define scattering processes in an
anti-Sitter (AdS) space and, consequently, how to define
asymptotic states. In previous works have been consid-
ered in this problem has been partially considered and an
expression for the absorption cross section has been given
avoiding the formal definition of scattering processes [12]
(see also [13])2. More recently, following the last devel-
opments in the AdS-CFT correspondence [15], new ap-
proaches to the scattering theory in AdS have been pro-
posed [16].
The main results that we will describe below are the
following:
a) The wave equation is exactly solved. Our solution
shows that outside the horizon the optical theorem is
satisfied and unitarity is not violated. However inside
the horizon the hamiltonian is not self-adjoint and there
is not unitarity.
b) The total cross section vanishes.
c) We find a set of appropriates variables where the
scattering problem is well defined; in some sense this vari-
ables are a sort of a reciprocal space.
In the next section we will exactly solve the Klein-
Gordon equation for extremal 3D BH and compute the
absorption cross section by means of
2For the non-extremal case including subtle points see [14].
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σabs =
J(r → r+)
J(r →∞) =
Jabs
J∞
, (3)
where r+ is the horizon of the 3D BH. We find that
Jabs = 0 implies σ = 0, i.e. the extremal 3D black hole
is a transparent object. In section III we reinterpret the
above problem in a space where is possible to define in
and out states and the calculation of σabs is performed
as in the standard scattering theory.
II. SOLUTION OF KLEIN-GORDON EQUATION
AND FLUX OF PARTICLES
In order to prove the results mentioned above let us
consider the 3D BH solution found in [9]
ds2 = −(N2 − r2Nφ)dt2 +N−2dr2 + r2dφ2 + 2r2Nφdtdφ,
(4)
where the lapse function N2 and Nφ are defined as
N2 = −M + r
2
l2
+
J2
4r2
, (5)
Nφ = − J
2r2
. (6)
Here, M and J are the mass and angular momentum of
the BH and l−1 =
√−Λ.
The lapse function vanishes for
r± = l
[
M
2
(
1±
√
1− J
2
M2l2
)] 12
. (7)
The horizon is identified with r+ and it will exist only
if M and J satisfy the relations
M > 0, |J | ≤Ml. (8)
The extreme case corresponds to put |J | = Ml and in
such a case both roots in (7) coincide.
Using these results one could write the Klein-Gordon
equation and study the scattering problem as it is usually
realized in quantum mechanics. The equation (1), in the
above metric (4) can be solved if we consider the ansatz
ψ = eiωteinφfnω(r), (9)
where fnω(r) is an unknown function. Once (9) is re-
placed in (1) one finds
(
(r2 − r2+)4
r2l4
)
f ′′nω(r) +
(
(r2 − r2+)3
r3l4
)
(3r2 − r2+)f ′nω(r) +
[(ωl + n)((ωl − n)r2 + 2nr2+)−
m2
l2
(r2 − r2+)2]fnω(r) = 0.
(10)
In order to solve this equation, let us make the change
of variable
ξ =
r2+
r2 − r2+
. (11)
Equation (10) now becomes
Lfnω(ξ) = 0, (12)
where the elliptic linear operator L is
L = d
2
dξ2
+ k20 +
k1
ξ
− k2
ξ2
(13)
with the constants defined as
k20 = Ω
2
+, (14)
k1 = Ω+Ω−, (15)
k2 =
m2
4
. (16)
where Ω± = 1√2M (ω ± n) (we have put l = 1).
Equation (12) can be solved by standard methods [17].
The two linearly independent solutions are
f (1)nω (ξ) = e
−iΩ+ξξs+F [s+ + i
Ω−
2
, 2s+, 2iΩ+ξ], (17)
f (2)nω (ξ) = e
−iΩ+ξξs−F [s− + i
Ω−
2
, 2s−, 2iΩ+ξ].
(18)
where s± = 12 (1±
√
1 +m2) and F [a, c, z] is the confluent
hypergeometric function (Kummer’s solution).
In equation (11) we can see that the region r → ∞
corresponds to ξ → 0, and r → r+, to ξ →∞. Thus, the
regular solutions are
f (1)nω (ξ), r →∞ (ξ → 0), (19)
f (2)nω (ξ), r → r+ (ξ →∞). (20)
In order to compute the absorption cross section
[4,13,18], we need to know the flux of particles in the
horizon and infinity. The conserved radial flux for (10)
in ξ coordinates is
jr(ξ) = f
∗
ωn(ξ)
d
dξ
fωn(ξ) − fωn(ξ) d
dξ
f∗ωn(ξ). (21)
The solution of (10) is
fnω(ξ) = Af
(1)
nω (ξ) +Bf
(2)
nω (ξ), (22)
but near the horizon f
(1)
nω (ξ) goes to infinity and, in or-
der to have a regular solution, one can choose A = 0 .
Thus, the flux of particles in the horizon comes from the
regular part of (22). The calculation is straightforward
if we use the Kummer’s transformation for the confluent
hypergeometric function F (a, c; ξ), i.e.
F (a, c; ξ) = eξF (c− a, c;−ξ). (23)
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Using this fact, one finds - for regular solutions in the
horizon - that jr = 0.
On the other hand since we are sending particles from
infinity, J∞ 6= 0 and consecuently the absorption cross
section3 is
σ =
jr+
j∞
= 0. (24)
Therefore, one finds that the total cross section van-
ishes and this extremal BH is transparent for any energy
of particles. A similar phenomenon occurs in nature for
the scattering of electrons by inert atoms where, for some
values of the energy, there is not scattering for s-waves,
a phenomenon known as Ramsauer-Townsend effect [19].
Thus, our calculation shows that the quantum scatter-
ing of particles with 3D extremal BH is always governed
by a kind of Ramsauer-Townsend mechanism.
III. RECIPROCAL SPACE
Following the arguments given in section I, in an AdS
space is not possible to define in and out states and, as
a consequence, the definition of the scattering theory is
more subtle. In this section we will reinterpret the pre-
vious results in order to find an alternative definition of
the asymptotic states.
Indeed, equation (12) can formally be seen as a
Schro¨dinger equation in the potential
V (ξ) =
k1
ξ
− k2
ξ2
, (25)
with k20 playing the role of the energy and “ξ ” a radial
coordinate. Of course, the next question is: what is the
angle in this space?. As we are interested in the calcula-
tion of the total cross section, this angle can be chosen
equal to the φ angle that appears in (4), i.e. taking val-
ues on 0 < φ < 2π. We will call H = (ξ, φ) the reciprocal
space.
Following general properties of elliptic differential
equations [17], the eigenfunctions fnω should be contin-
uous everywhere, but as (25) is singular in ξ = 0, one
must add an additional condition on fnω, v.i.z.
fnω(0) = 0, (26)
one could note that (26) is self-adjoint condition for the
operator L [20].
This last condition assure us continuity in ξ = 0 and
the vanishing of V (ξ) when ξ goes to infinity would per-
mit to define asymptotic states as in the usual scattering
3Here the reader should note that this result is independent
of the normalization constants that appears in the solutions
of (10).
theory, i.e. the existence of a general asymptotic solu-
tion of (12) like A(φ)eik0ξ, where A(φ) and eik0ξ are the
scattering amplitude and the asymptotic states, respec-
tively. This last statement is heavily dependent on k0
being a positive real number. Looking at (14), this mean
of course that the inequality
[n+ ω]
2
> 0, (27)
is verified.
One should also point out that (26) implies a physical
condition on the system. If ξ takes values on ℜ+ – i.e. if
ξ is interpreted as a radial coordinate – (26) can be seen
as a condition of probability conservation in the origin.
By the contrary, if ξ takes positive and negative values –
i.e. just when the particles cross the horizon, probability
is not conserved and unitarity is violated [7].
Using (17), the calculation of the scattering cross sec-
tion is straightforward. Indeed, the asymptotic behavior
of F for ξ >> 1 contains a term like 1/ξ plus distorted
waves corrections as in the Coulomb scattering. Never-
theless, the angular corrections only contain einφ and,
as a consequence, the total scattering amplitude simply
becomes
A(φ) =
∞∑
n=−∞
einφ, (28)
which can be computed using the regularization prescrip-
tion (see e.g. [10])
A(φ) = 1 + lim
ǫ→0
∞∑
1
(ein(φ+iǫ) + e−in(φ−iǫ)),
= 1 + 2πδ(φ). (29)
The optical theorem gives
σ ∼ ImA(0) = 0. (30)
Therefore, in the (ξ, φ) reciprocal space we recuperate
the Ramsauer-Townsend effect found in section II. Thus,
one can assert that both descriptions are equivalents.
In conclusion, a) we have shown by two differents meth-
ods that the absorption cross section for spinless relativis-
tic particles in a 3D extremal BH background vanishes
and b) we have found an alternative description for the
scattering of particles in AdS spaces. The next step is
to show the equivalence between our approach and the
results found in [16].
3
Appendix
In this section we will show that the radial flux of the
Klein-Gordon equation is identically equals to zero in the
3D black hole background. The argument is as follows;
noticing that the solution (18) writen in terms of r also
satisfy the property
f (2)∗(r) = f (2)(r), (31)
for r = r+ + ǫ, then the flux
jr = f
∗(rN2)∂rf − f(rN2)∂rf∗, (32)
vanishes identically, independently of ǫ. For incoming
particles the incident flux j∞ is different from zero by
definition, otherwise there are no particles (this point is
also discused in [12]).
For the massless particle one find the following solu-
tions
f (1)nω (ξ) = e
−iΩ+ξξF [1 + i
Ω−
2
, 2, 2iΩ+ξ], (33)
f (2)nω (ξ) = e
−iΩ+ξF [i
Ω−
2
, 0, 2iΩ+ξ].
(34)
but for the Kummer’s relation F (a, 0; ξ] = eξF (−a, 0; ξ]
and (31) again is satisfied and the previous results are
obtained, i.e. σ = 0.
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